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The con®entional scanning sensor generates a zig-zag pattern for the sheet-forming
process, immediately leading to the problem of unequal measurement update inter®als
in state estimation. Instead of reconstructing the profile gi®en a zig-zag pattern, the
sensor trajectory was redesigned to better estimation and control. In this work, the char-
acteristics of the con®entional scanning sensor were explored as well as the implications
in estimation and control. The concept of elliptic sensor contour is presented, deri®ing
analytical expressions for the sensor trajectories. Alternati®ely, the impro®ed sensor tra-
jectory can be obtained using a ®ariable-speed scanning sensor under linear sweep. That
implies that control performance can be impro®ed by reprogramming the motor of the
existing sensor. Moreo®er, se®eral alternati®es for sensor arrangement are also explored.
The results for estimation and control can be used as guidelines for the de®elopment of
future sensor technology.

Introduction

Sheet forming is an important unit operation in many
manufacturing processes. Common examples include paper-
making, metal rolling, polymer film extrusion, and coating.
The control objective of these processes is to maintain the
quality uniformity of the end products, for example, rolls of
paper sheets or polymer films. Therefore, we are controlling

Ž .two-dimensional 2-D products and the major concern is the
quality variations occurring in the direction of flow, the ma-

Ž .chine direction MD , and perpendicular to the direction of
Ž .flow, the cross direction CD . The last decade has seen ad-

Ž .vances in CD control. Linear quadratic Gaussian LQG types
of controllers are employed to achieve uniformity in the cross

Ždirection Chen and Wilhelm, 1986; Bergh and MacGregor,
. Ž .1987 . Various model predictive control MPC strategies for

Žsuch a large-scale system were also proposed Braatz et al.,
1992; Laughlin et al., 1993; Rawlings and Chien, 1996; Dave

.et al., 1997; Dave et al., 1999; Van Antwerp and Braatz, 2000 .
In order to maintain the uniformity of some properties, for
example, basis weight and thickness, across the sheet, the
control strategies rely on the measurement of the property
along both the CD and MD directions. The sensor of interest
is the gauge sensor. It normally consists of a radiation-emit-

Ž .ting source and a detector. The property such as thickness
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of the film is sensed by the attenuation of the radiation sig-
nal.

The sensor is often arranged as a scanning device mounted
on a carriage that moves back and forth in the cross direc-
tion. Since the film is moving in the machine direction, this

Ž .generates a zig-zag pattern on the film Figure 1 . This imme-
diately leads to the following question: How does one recon-
struct the full two-directional profile, given only a zig-zag
pattern on the film. The Kalman filter is the natural choice
for the state estimation problem as discussed by several au-

Žthors Bergh and MacGregor, 1987; Chen, 1992; Wang et al.,
.1993; Tyler and Morari, 1995; Rawlings and Chien, 1996 .

Ž .Rigopoulos et al. 1997 use the Karhunen-Loeve expansion`
to identify the significant features, followed by the autore-
gressive model to reconstruct the temporal model. Recently,
we have also seen rapid development in alternative sensor
technologies. This includes the full array wet or dry end sen-

Ž . Žsor Shapiro, 1998 , additional dry end sensors Tyler and
. ŽMorari, 1995 , and the full-sheet imaging system Chen and
.Pfeifer, 1998 .

This work differs and complements the previous work in
that the main objective is to investigate the effect of the zig-
zag pattern on control performance. Moreover, we go a step
further by changing the pattern of the process measurements
such that better control performance can be achieved. The
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Figure 1. Sheet forming process.

remainder of this article is organized as follows. The model-
ing and estimation problems are addressed in the second sec-
tion. The third section discusses the optimal estimation in the
temporal mode, plus it explores the effects on control perfor-
mance. In the fourth section approaches to improve the mea-
surement pattern for better control are given and alternative
sensor arrangements also are explored, followed by the con-
clusion.

Process Modeling and Characteristics
Before getting into the process modeling, let us look at the

measurement pattern as the scanning sensor moves along the
Ž .cross directions such as Figure 1 . Assume the sensor moves

Ž .with a fixed speed ® and the speed in the machine direc-s
Ž .tion ® is also constant. Then we have a linear measure-p

Žment profile as the sensor sweeps forward such as the mea-
.sured points between 60F timeF70 in Figure 2A and, on

the return path, we obtain another linear trajectory, as shown
Ž .in Figure 2A 70F timeF80 . This is exactly the zig-zag tra-

jectory mentioned in the literature. Since the scanning sensor
moves back and forth with the same speed, the zig-zag profile

Ž .repeats itself over the entire sheet. Rawlings and Chien 1996
point out that the correctness of the estimation is affected by
this particular pattern. The effects of the profile on estima-
tion and control can be analyzed by examining a single pe-

Ž .riod such as T in Figure 2A of the periodical function. Sev-
eral observations can be made immediately.

Consider a period T in which two measurement updates
are made.

1. On a given position in the CD, two immediate measure-
ment updates result in a constant time period T. This is T s
T qT , where T and T are the times to the first and sec-1 2 1 2

Ž .ond measurement updates Figure 2 .
2. For two subsequent measurements, the elapsed times

Ž .until the next measurement update are not the same T /T1 2
Ž .except for the center Figure 2 .

Ž <3. The difference between the time interval that is, T y1
<.T is small around the center and becomes larger toward2

Ž .the edges Figure 2B .
Therefore, we have a periodical function. In each period T

two measurement updates are made over the intervals T and1
T , respectively, and generally T /T .2 1 2

Figure 2. Scanning sensor in linear sweep.
Ž . Ž .A zig-zag sensor trajectory and B distribution of mea-

Ž .surement update intervals T and T .1 2

Modeling
The goal of modeling is to provide the simplest mathemati-

cal model that can describe the essential features of the sam-
pling mechanism. Following the approach of Bergh and Mac-

Ž . Ž .Gregor 1987 , a linear time-invariant LTI dynamic model
is employed.

wx t s A x t q B u t qw t , tg 0, ` , 1Ž . Ž . Ž . Ž . . Ž .˙ c c c

where x is a vector of the state variables, u is the process
input, the subscript c denotes the continuous time system,
and w is white noise with zero mean and the strength isc
described by a covariance matrix:

TE w t w t sQ d tyt , 2Ž . Ž . Ž . Ž .� 4c c c

� 4 Ž .where E ? denote the expectation, d t is Kronecker delta,
and Q is a positive semidefinitive covariance matrix. Equa-c
tions 1 and 2 describe the continuous time system. The dis-
crete time model is useful in applications. If we allow the
sampling time to vary, it becomes a time-varying system

w x w x w x w x w x w xx kq1 s A k x k q B k u k qw k 3Ž .
w x w x w x w xy k sC k x k q© k , 4Ž .

Ž .where © k is the measurement noise with a covariance R.
The relationship between continuous-time and discrete-time

Ž .model parameters such as A, B, C can be found elsewhere
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Ž .Mayback, 1979 . Many authors use Eqs. 3 and 4 to represent
the process where A and B matrices are often assumed to be

Ž . Ž .constant and a time-varying C k is employed. The C k is a
vector with an entry 1 corresponding to the current measured

Žstate and 0 elsewhere Bergh and MacGregor, 1987; Tyler
.and Morari, 1995; Rawlings and Chien, 1996 .

Kalman filtering
The Kalman filter is effective in state reconstruction. The

ŽKalman filter algorithm has the following steps Bryson and
.Ho, 1975; Grewal and Andrews, 1993 :

w < x1. Compute the a priori state estimation x k ky1 :ˆ

< <w x w x w x w x w xx k ky1 s A k x ky1 ky1 q B k u ky1 . 5Ž .ˆ ˆ

Ž w < x2. Extrapolate the error covariance Ý Ý k k y1 se e
w < x T w < x w < x w x w < x.e k ky1 e k ky1 , where e k ky1 ' x k y x k ky1 :ˆ

T< <w x w x w x w x w xÝ k ky1 s A k Ý ky1 ky1 A k qQ k . 6Ž .e e

Ž w x.3. Compute the filter gain matrix K k :

T T< <w x w x w x w x w x w xK k sÝ k ky1 C k C k Ý k ky1 C kŽe e

y1w xq R k . 7Ž ..

w < x4. Update the posteriori state estimation x k k once theˆ
measurement becomes available:

< < <w x w x w x w x w x w xx k k s x k ky1 q K k y k yC k x k ky1 . 8Ž .Ž .ˆ ˆ ˆ

5. Update the error covariance:

< <w x w x w x w xÝ k k s Iy K k C k Ý k ky1 9Ž .Ž .e e

Let us use a simple example to illustrate the effect of sam-
Ž . Ž .pling time T on the error covariance Ý . Consider a sim-s e

ple LTI system

x t sy0.05 x t qw t 10Ž . Ž . Ž . Ž .˙ c

y t s x t q ® t , 11Ž .Ž . Ž . Ž .k k k

where the strength of the process and measurement noises
are 1 and 0.01, respectively. Figure 3A shows that right after

Ža measurement update, the error covariance increases c.f.
.Eq. 6 until the next measurement becomes available. There-

fore, for the system with the fixed T , the worst estimations
Ž .error in terms of variance is proportional to the sampling

time, as shown in Figure 3A.
The Kalman filter can also be utilized to analyze our sam-

Ž .pling problem: a fixed period T with two measurement up-
date intervals T and T . Again, consider the simple system1 2
in Eqs. 10 and 11 with T s6. If T and T are equally spaced1 2
Ž .that is, T sT , the worst error variances in estimation are1 2
approximately the same at each interval. However, if T /T1 2
Ž .such as, T s4 and T s2 , then the worst error variance is1 2

Ž .larger than that of the T sT case Figure 3B . Figure 3B1 2
also reveals that the error covariances increase until the next

Figure 3. Variances of Kalman filter estimation.
Ž . Ž .A Different sampling times and B different measurement

Ž . Župdate intervals T and T for a constant full period T s1 2
.T q T .1 2

measurement update and magnitude of the error is propor-
Ž .tional to the sampling interval such as T or T . As the1 2

system becomes stationary, the characteristics in Figure 3B
Ž .repeat exactly the same pattern Mayback, 1979 .

First, let us focus on the error covariance of a specific CD
position. This is similar to a single state system with two dif-
ferent sampling times. The error covariance right before the
measurement update can be derived. Consider a system with

Ža period of T and two sampling intervals T and T that is,1 2
the first measurement comes in at time T and the second1

.measurement is available at T after that . That gives a sys-2
Žtem with time-varying A and B and a constant C Eqs. 3 and

.4 . From Eqs. 6 and 9, the error covariances before and after
the measurement update are

< 2 <w x w xÝ k ky1 s A Ý ky1 ky1 qQ 12Ž .e, 1 1 e , 2 1

< <w x w xÝ k k s 1y K Ý k ky1 13Ž .Ž .e, 1 1 e , 1

and

< 2 <w x w xÝ k ky1 s A Ý ky1 ky1 qQ 14Ž .e, 2 2 e , 1 2

< <w x w xÝ k k s 1y K Ý k ky1 , 15Ž .Ž .e, 2 2 e , 2

where the subscripts 1 and 2 denote the first or second mea-
surement update. Since we are using the same scanning sen-
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Figure 4. Variance of estimation before the after mea-
surement updates.

Ž .sor with a noise covariance R, the filter gain K becomesi

<w xÝ k ky1e, i
K s . 16Ž .i <w xÝ k ky1 q Re, i

The error covariances can be expressed analytically in terms
of system parameters. Let Ýy and Ýq denote the covari-e, i e, i
ances right before and after the measurement udpate, as

q Ž y .shown in Figure 4. A quadratic function in Ý or Ý cane, i e, i
be obtained by rearranging Eqs. 12]16. After some algebraic
manipulation, Ýq can be expressed ase, i

2q q q q'y b q b y4a cŽ .i i i iqÝ s , 17Ž .e, i q2 ai

where

aqs A2 A2RqQ q R , j/ i 18Ž .Ž .i j i i

bqs A2Q Rq Q q R Q q R y A2 A2R2 y A2Q R 19Ž .Ž . Ž .i i j i j i j j i

q 2 2c sy A Q R q Q q R Q R , 20Ž .Ž .i i j j i

Ž . Ž .where A and Q denote A T and Q T of Eq. 3. Similarly,i i i i
the extrapolated error covariance right before the update
Ž y .Ý can also be derived:e, i

2y y y y'y b q b y4a cŽ .i i i iyÝ s , 21Ž .e, i y2 ai

with

ays A2RqQ q R 22Ž .i j j

bys Q q R RyQ y A2 A2R2 y A2Q Ry A2Q RŽ . Ž .i j j i j i j j i

23Ž .

y 2 2c sy A Q R q Q q R Q R . 24Ž .Ž .i i j j i

Certainty, for a given system, the expression of the error co-
variance as a function of time can also be obtained:

t2 q 2Ý t sF t , 0 Ý q F t , t Q dt , 0F tFT ,Ž . Ž . Ž .He, i e , j c i
0

25Ž .

Ž .where F is the state transition matrix Mayback, 1979 when
Ž .a sampling time of T is used. The results indicate that Ý ti e

Ž .is a piecewise continuous function Figure 4 . The results
Ž .Eqs. 17, 21, and 25 shown here are useful in evaluating the
effect of different sampling intervals on the estimation and
control.

Estimation and Control
Estimation: optimal sampling inter©al

The ongoing analyses show that for a given full period and
wtwo measurement updates, the error covariance that is,

Ž .x Ž X .Ý t is a function of the sampling intervals T s . In thise, i i
section, we explore the effect of the unequal sampling inter-
val on the estimation. Consider a scanning system with a full
period T and two measurement updates at time intervals T1
and T :2

T sT qT . 26Ž .1 2

The objective function we are interested in is the integrated
square error of the estimation

T T1 2J s Ý t dtq Ý t dt. 27Ž . Ž . Ž .H He, 1 e , 2
0 0

Ž .We would like to find the measurement update interval T1
such that the estimation error is minimized:

min J . 28Ž .
0 - T - T1

The result can be obtained by taking the derivative of J with
respect to T . The result shows that, in terms of square error,1
the least estimation error corresponds to the following sam-
pling interval:

T
T s . 29Ž .1 2
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Figure 5. Sensor trajectory for stationary sensors with
( )a large sampling interval Trrrrr2 .

The derivation is given in the Appendix. The result indicates
that the minimum estimation error occurs when the sampling

Ž .intervals that is, T and T are equally spaced. This con-1 2
firms our physical intuition. Similarly, for the case of the worst
Ž .`-norm estimation error, the statement of the problem be-
comes

min max Ýy ,Ýy . 30Ž .Ž .e, 1 e , 2
0 - T - T1

Since Ýy and Ýy are symmetrical with respect to the mea-e, 1 e, 2
Ž .surement update interval and Ý t is a monotonically in-e, i

creasing function, the minimum exists when T sTr2. In other1
words, for each lane in the cross direction, better estimation
can be achieved when the two measurement update intervals

Žare closed to each other. Obviously, the zig-zag pattern Fig-
.ure 2 of the scanning sensor is far different from the ideal

situation.

Estimation: De©iation from the optimal estimation
The measurement pattern giving the optimal estimation,

with equally spaced measurement update intervals, can be
viewed as the case of stationary sensors with a sampling pe-
riod of Tr2. Figure 5 shows the measurement pattern. Here,

Žwe are interested in the performance degradation increase
.in the estimation error of the scanning sensor as compared

to the ideal system, the stationary system with the same num-
ber of measurements. Notice that this is strictly a temporal
consideration.

Consider a system with 10 lanes in the CD. The dynamic
Žsystem is modeled as Eqs. 1 and 2 with A sy0.05I where Ic

.is an identity matrix and B s0.05I. The process noise isc
described by the covariance matrix:

2 ny11 r r ??? rs s s

ny21 r ??? rs s
.. 2. .Qs s . 31Ž .w , c. .. . r. s

sym. 1

For the moment let us assume r s0 and s 2 s1. The sam-s w, c
Ž .pling time is 1 with a noise level of 0.01 Eq. 4 . For the

w xscanning sensor the measurement matrix C k is time-vary-
ing. In a full period T with 2n measurements, the stacked C
matrices becomes

w xC 1
1 0 0 . . . 0 0 0w xC 2 0 1 0 . . . 0 0 0. .. .. .

w xC n 0 0 0 . . . 0 0 1
s . 32Ž .

0 0 0 . . . 0 0 1w xC nq1
0 0 0 . . . 0 1 0w xC nq2 ... ...
1 0 0 . . . 0 0 0w xC 2n

For the case of equally spaced measurement update inter-
vals, the stacked C matrices are

w xC 1
1 1 1 . . . 1 1 1w xC 2 0 0 0 . . . 0 0 0. .. .. .

w xC n 0 0 0 . . . 0 0 0
s . 33Ž .

1 1 1 . . . 1 1 1w xC nq1
0 0 0 . . . 0 0 0w xC nq2 ... ...
0 0 0 . . . 0 0 0w xC 2n

Notice that the 0]1 structure in the C matrices in Eqs. 32
and 33 reveals the measurement pattern. The ‘‘1’’ indicates a
measurement update. The cross direction is indicated by dif-

Ž .ferent columns in Eqs. 32 and 33 , and the machine direc-
tion is represented by rows. Figure 6A shows the estimation
errors for all 10 lanes in the cross direction. For example, at
the first lane, the covariance starts increasing at t)61 and

Ž .the error drops as the first measurement comes in at ts79 ,
and then the error goes up again until the next measurement
becomes available at ts81. The case of unequal sampling

Ž .intervals T s18 and T s2 leads to very different values in1 2
y y Ž .Ý and Ý . At the center 5th or 6th lane , the samplinge, 1 e, 2

Ž .intervals are close to each other Figure 2 , and subsequently
the worst estimation errors, Ý , are not too different frome, i

Ž .each other, as shown in Figure 6A the dotted lines . On the
Ž .other hand, the ideal sensor Figure 5 gives exactly the same

Ž .estimation errors for all 10 lanes Figure 6B . Moreover, the
stationary sensors show smaller error variances in estimation
in terms of 2-norm or the `-norm. Figure 7A gives the worst
estimation error for these two systems. The results show that
the worst estimation error can be reduced significantly if the
sampling intervals are equally spaced.

Control
We have discussed the effect of measurement pattern on

estimation thus far. A more realistic measure should be such
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Figure 6. Variances of estimation.
Ž . Ž .A Scanning sensor with linear sweep and B stationary
sensors for all 10 lanes on the cross direction.

an effect on control performance. That is, the effect of mea-
surement pattern on the variation of film properties. Con-
sider the discrete time system in Eqs. 3 and 4 with the Kalman

˚Žfilter Eqs. 5]9. An LQG control is employed Astrom and¨
.Wittenmark, 1990 . The LQG control minimized the follow-

ing objective function:

min Js xTV xq uT Gu , 34Ž .
u

Ž .where V and G are the weightings for the states x and
Ž .input u , respectively. The controller then becomes

<w x w x w xu k sy F k x k ky1 , 35Ž .ˆ

with the controller matrix F

y1T Tw x w x w x w x w x w x w xF k s G q B k S k B k B k S k A k , 36Ž .Ž .

where S can be obtained from the Riccati equation:

Tw x w x w x w xS kq1 s A k S k A k

y1T Tw x w x w x w x w x w xy A k S k B k Gq B k S k B kŽ .
Tw x w x w xB k S k A k qV . 37Ž .

The state estimation under feedback then can be expressed
as

Figure 7. `-Norm of variances with linear scanning sen-
sor and stationary sensors.
Ž . Ž .A Estimation and B LQG control.

< <w x w x w x w x w xx kq1 k s A k y B k F k x k ky1Ž .ˆ ˆ

<w x w x w x w x w xq A k K k C k e k ky1 q© k . 38Ž .Ž .

From the definition of the estimation error, we have:

< <w x w x w xÝÝÝÝÝ k sÝÝÝÝÝ k ky1 qÝÝÝÝÝ k ky1 , 39Ž .x e x̂

w < xwhere ÝÝÝÝÝ k ky1 is of the formx̂

<w xÝ k ky1x̂

<w x w x w x w x w xs A ky1 y B ky1 F ky1 Ý ky1 ky2 A ky1Ž . Žx̂

Tw x w x w x w x w xy B ky1 F ky1 q A ky1 K ky1 C ky1 ÝÝÝÝÝ. Ž e

T T T<w x w x w x w x w xky1 ky2 C ky1 q R ky1 K ky1 A ky1 . 40Ž ..

Equations 39 and 40 clearly indicate that the covariances of
Ž . Ž .estimation error ÝÝÝÝÝ affects that of control error ÝÝÝÝÝ .e x

Let us use the example in the previous section to illustrate
this. Assume that the weightings in the LQG are Vs I and

Ž .G s0.1 I, respectively. The variances of the control error ÝÝÝÝÝx
can be calculated. The results show that, for the scanning
sensor with a zig-zag pattern, the behavior of the variances of
control error are fairly similar to that of the estimation error.
The variance of control increases with time until the next
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Figure 8. Variances of LQG control for all 10 lanes in
the cross direction.
Ž . Ž .A Linear scanning sensor and B stationary sensors.

Ž .measurement becomes available Figure 8A . On the other
hand, the stationary sensors give identical performance across
the CD. This is illustrated nicely in Figure 9, where the aver-

Ž .aged variances of the control error ÝÝÝÝÝ are plotted in thex
cross direction. As expected, improvement can be made across

Žthe CD except around the center since the measurement up-
.date intervals are approximately the same . Control perfor-

mance becomes poorer toward the edges when the scanning
sensor is used. The stationary sensors show uniformity along
the cross direction. Moreover, the worst variances in control
Ž .Figure 7B are even larger for the conventional scanning

Figure 9. Averaged variances of LQG control for two
different sensor arrangements: linear sweep
and stationary sensors.

Figure 10. Variances for system with with r s0.6.s
Ž . Ž .A Estimation and B LQG control.

sensor. This has an important implication from the product
quality-control point of view, since we could have weak spots

Ž .on the sheet such as polymer film that are generally unac-
ceptable for the 2-D products.

Up to this point, we assume process noises only affect a
specific lane, that is, r s0. In practice, noises will propagates
in the cross direction and eventually level off, that is, 0- rs
-1. Let us take r s0.6 for the same example to compares
different sensor arrangements. Figure 10 shows that both the
estimation and control errors are smaller as compared to the
case of r s 0. However, characteristics from unequallys
spaced sampling intervals remains. That is, poor estimation
and control are expected toward the edges.

Improved Sensor Trajectory
As mentioned in the previous section, performance degra-

dation in the estimation and, consequently, control is due to
the unequal measurement update intervals and poor perfor-

Žmance is observed at edges where the two intervals T and1
.T differ significantly. This is the consequence of the sensor2

arrangement since the scanning sensor moves back and forth
in the cross direction with a constant speed. Two approaches
can be taken to improve the performance. One is to increase
the number of sensors, and a larger number of stationary
sensors can eliminate all the problems associated with the
unequal measurement update intervals. The other approach
is to adjust the trajectory of the sensor such that the differ-
ence of the measurement update intervals is reduced when a
single sensor is employed. The second approach is taken here.
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( ) ( )Figure 11. Scanning sensor with A linear, B circular,
( )and C elliptic contours.

Concept of elliptic contour
The ultimate goal is to make the measurement update in-

Ž .tervals equal to each other that is, T sT . Unfortunately,1 2
this cannot be done using a single scanning sensor moving
along a closed contour. At best, we can redesign the contour
such that T and T are less unequal. A simple way to achieve1 2

Ž .that is to let the sensor move along an elliptic or circular
Žcontour such that more time is spent on the edges Figure

.11 . This led to a sine-wave-like trajectory instead of a zig-zag
trajectory. Notice that, unless otherwise mentioned, we as-
sume the sensor moves with a constant speed.

Since the trajectory on the MD is a periodical function, we
can just look at a specific period. The sensor trajectory is
defined on the Cartesian coordinate, where the x-axis de-
fines the time and the y-axis defines the cross direction. As-

Ž .sume that the origin, 0, 0 , is placed on the edge of the sheet
and that the width is 2b. Consider a scanning sensor with the

Ž .linear sweep Figure 11A . For a given period, the zig-zag
trajectory can be described by a piecewise-linear function:

t T°
4b ? , 0F t-

T 2~ Ty s 41Ž .CD tyž / T2
2by4b , F tFT ,¢

T 2

where T is the full period and y stands for position in theCD
CD starting from the bottom edge. The position in the ma-
chine direction is simply a linear function in time:

x s ® ? t , 42Ž .MD p

where x is the position in the MD and ® is the speed ofMD p
the sheet. Therefore, the profile can be obtained by substitut-
ing Eq. 42 into Eq. 41:

® Tx° pMD
4b ? , 0F x -MD® T 2p~y s 43Ž .CD ® Tx pMD
2by4b , F x F ® T .MD p¢ ® T 2p

If the sensor moves on a circular contour, as shown in Figure
11B, then, instead of a zig-zag pattern, the trajectory be-
comes a sine wave. Consider a sheet with a width of 2b and
where the origin is located on the midpoint. The relationship
between y and time is simplyMD

t
y s b ? sin 2p . 44Ž .CD ž /T

Ž .And, for a constant speed in the MD that is, ® , the trajec-p
tory becomes

xMD
y s b ? sin 2p . 45Ž .CD ž /® Tp

This is exactly what we have in Figure 11B. Comparing Eq.
45 to Eq. 43, or Figure 11B and Figure 11A, it becomes evi-
dent that the difference between the two measurement up-
date intervals is reduced, especially toward both edges. The
difference can further be reduced, if the sensor moves on an
elliptic contour with a major axis 2 a on the MD, and a minor

Ž .axis 2b on the CD Figure 11C . Figure 12 compares the
Žscanning trajectories for the linear, circular, and elliptic arb

.s2 contour. Since we assume a constant speed for the sen-
Ž .sor ® , it is not possible to obtain a closed-form solution fors

the elliptic contour. However, the case of constant angular
velocity gives a good approximation, provided the eccentricity

Figure 12. Sensor trajectories for linear, circular and el-
liptic contours.
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Figure 13. Sensor trajectories for elliptic contour: con-
stant speed vs. constant angular velocity.

2 2'Ž .e s a y b ra is not too large. The distance between the
center and a given point on the periphery is

ab
r s , 46Ž .

2 2 2 2'a sin u q b cos u

Žwhere u denotes the angle away from the major axis Figure
.11C . The position on the CD, y , can be described by yCD CD

s r ? sin u . Substituting 2p trT for u , the position on the cross
direction then becomes

ab 2p t
y s ? sin . 47Ž .CD ž /T2p t 2p t

2 2 2 2a sin q b cos( ž / ž /T T

The trajectory can be obtained by simply substituting x r®MD p
for t:

ab
y sCD

2p x 2p xMD MD2 2 2 2a sin q b cos( ž / ž /® T ® Tp p

2p xMD
=sin . 48Ž .ž /® Tp

For the case of arbs2, Figure 13 shows that Eq. 48 gives a
good approximation for the trajectory. The analytical results
presented here are useful in the design of sensor contours.

For the case of elliptic sensor contour, several characteris-
tics can be observed. Despite the assumption of constant sen-
sor speed for the linear sweep, the sensor actually starts from
a stationary position and moves forward, presumably with a
constant speed, followed by braking such that it stopped at
the other end and the process is repeated for the backward
sweep. Therefore, motor on top of carriage performs the ac-
celeration and braking repeatedly. On the other hand, for the

Ž .case of elliptic or circular contour, the sensor simply travels
Ž . Žalong the ellipse or circle with a constant speed without

.any acceleration or braking . The other difference between
the two is we assume that it takes the same amount of time
to complete two measurement updates for a given CD posi-

Table 1. Velocity Ratios for Different Contours
U UULinear Circular Elliptic

®s
1 1.57 2.42o®s

UNormalized with respect to the speed of linear sweep.
UUarbs 2.

Žtion. This implies that the sensor should move faster that is,
. Ž .larger ® for the elliptic or circular contour. However, thes

sensor collects the same amount of data points in the same
Ž .full period T . In other words, for the case of the elliptic

contour, the speed of the sensor has to be higher to complete
a full cycle of scanning and the data points are unequally
distributed along the cross direction. This should cause little
problem, since the number of data points collected in a half-
period is far greater than the number of actuators. Table 1
shows the speed ratios for different arb ratios. For the case
of circular contour, the sensor travels at a speed 1.57 times

Ž o .that of the linear sweep that is, ® r® s1.57 .s s
Next, the control performance of different sensor arrange-

ments is compared. Again, consider the example in the sec-
tion on estimation and control, with r s0.6. The averageds

Ž .variances of the control error Ý in the CD and MD direc-x
tions are employed. Figure 14 shows that the elliptic sensor
contour gives better control over the linear sweep. The per-
formance of the circular contour is about the same as that of
the elliptic contour in the cross direction, as shown in Figure

Ž14A. For the variances in the machine direction taking the

Figure 14. Averaged variances of LQG control for dif-
ferent sensor arrangements.
Ž . Ž .A Cross direction and B machine direction.
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.average for all lanes , the scanning sensor with the elliptic
contour again shows better control over the conventional ar-

Ž .rangement Figure 14B . Notice that, in terms of the CD di-
rection, the improvement is evident across the cross direction

Ž .except for the center and both edges Figure 14A . The re-
sults presented here show that better control can be obtained
with a scanning sensor with an elliptic contour. Moreover,
the sensor with an elliptic contour has the advantage of trav-
eling at a constant speed, which requires less service atten-
tion. However, this new arrangement needs a complete re-
vamping of the carriage for existing processes.

Linear sweep with acceleration
The elliptic contour is not the only way to obtain the tra-

jectory in Figure 11B and 11C. A simple alternative is to ac-
Ž .celeration or decelerate the scanning sensor while traveling

back and forth on a linear carriage. This can be achieved by
reprogramming the variable-speed motor.

Assume that it takes the same full period T to complete a
forward and backward sweep and that the sensor is acceler-
ated or decelerated with an acceleration a. The sensor starts

Ž .at the bottom edge such as Figure 11A and it accelerates
with a to the midpoint. Then the sensor decelerates with a
until it reaches the edge on the top and the speed becomes
zero at this point. The sensor repeats the acceleration]decel-
eration cycle on the linear carriage in each Tr2 period. Since
it takes Tr4 to reach the midpoint of a width of 2b, the accel-
eration then becomes

32b
as . 49Ž .2T

The trajectory then becomes

16b T° 2t , 0F t-2 4T~y s 50Ž .CD 16b 16b T T
2y2bq ty t , F tF .¢ 2T 4 2T

Figure 15 show s that scanning sensor w ith an
acceleration]deceleration cycle is almost the same as the re-

Figure 15. Trajectories for sensors with circular con-
tour with constant speed vs. linear sweep
with acceleration–deceleration.

Figure 16. Averaged variances of LQG control for dif-
ferent sensor arrangements.
Ž . Ž .A Cross direction and B machine direction.

sult of a circular contour. It should be emphasized that the
trajectory is obtained using a conventional linear sweep with

Ž .acceleration such as Eq. 50 . Obviously, improved control
performance can be achieved with this variable-speed scan-
ning sensor. Figure 16 shows that improvement in the aver-
aged variances in both the CD and MD directions as com-
pared to the constant-speed scanning sensor. The variable-
speed scanning sensor provides an attractive alternative to
achieve better control. More importantly, it can be imple-
mented by reprogramming the motor on the carriage.

Alternati©e sensor arrangements
In addition to modifying sensor trajectory, several alterna-

tives exist for improved estimation and control. One obvious
choice is to increase the sampling rate of the scanning sensor
Žsuch as equipped with an improved radiation-emitting source

.and corresponding detector while maintaining the traveling
speed. That means we have more data points in a full period

Ž .T Figure 17 . If we choose to fasten the rate for estimation
and control, the results, doubled sampling rate, in Table 2,

Žindicate that only a little improvement in estimation and
.control errors can be achieved. Actually, this is within one’s

expectation, since maintaining a constant traveling speed for
the scanning sensor does not resolve the imbalance in the

Ž .measurement update intervals such as T and T , and1 2
therefore the improvement is only marginal. A second alter-
native is to increase both the sampling rate and the traveling

Ž .speed of the sensor with appropriate technology , as shown
in Figure 17. Table 2 shows that much smaller variances are
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Figure 17. Alternative sensor arrangements.
Ž . Ž .A Nominal sampling rate and traveling speed; B dou-

Ž .bled sampling rate with nominal traveling speed; C dou-
Ž .bled sampling rate and traveling speed; and D two sen-

sors traveling in the opposite direction with nominal sam-
pling rate and traveling speed.

Ž .obtained, since the period T is halved with a doubled speed
.and, subsequently, the difference between T and T is1 2

shortened. The comparison made here is consistent with our
earlier observation: performance degradation in the estima-
tion and control is due to the unequal measurement update
intervals. More importantly, it offers a clear direction for fu-
ture sensor development.

At the present stage, however, if improvement ought to be
sought for better control with currently available sensors, what
are the options? A straightforward approach is to put in an

Ž .additional sensor or sensors . The next question naturally
arises: What is the arrangement for these two sensors? Should
they travel in the same diretion or the opposite direction,

sweep the entire CD range, or half of the distance? Figure 17
shows one of the better solutions to the problem: the sensors
should travel in the opposite direction while sweeping the

Ž .entire cross direction Chang, 1998 . The results show that
the estimation and control errors are comparable to that of
much advanced sensor.

In terms of sensor arrangement, the results presented here
offer several attractive alternatives for better estimation and
control in sheet-forming process. The decision on any possi-
ble revamping clearly depends on the current sensor settings
in the plant and the expectation of future sensor develop-
ment. It should be emphasized again, however, that any at-
tempt to eliminate the imbalance in the measurement update
intervals will improve control performance.

Conclusions
In this article, we present an approach to improved control

for the sheet-forming process. Instead of reconstructing the
state for a given measurement pattern, we redesign the sen-
sor trajectory such that better properties in estimation can be
obtained. First, the characteristics of the conventional scan-
ning sensor are explored and implications to the estimation
and control are also investigated. Then, the concept of ellip-
tic sensor contour is proposed, and analytical expression for
the sensor trajectories are also derived. In addition, the con-
cept of the elliptic sensor contour can be implemented as a
variable-speed sensor, which requires only minor modifica-
tion of the existing sensor. Control performance of the pro-
posed sensor arrangements is demonstrated favorably via
simulation. Moreover, several alternative sensor arrange-
ments are evaluated. They offer clear guidelines to achieve
better estimation and control.
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Åstrom, K. J., and B. Wittenmark, Computer-Controlled Systems:¨

Theory and Design, 2nd ed., Prentice Hall, Englewood Cliffs, NJ
Ž .1990 .

Bergh, L. G., and J. F. MacGregor, ‘‘Spatial Control of Sheet and
Ž .Film Forming Processes,’’ Can. J. Chem. Eng., 65, 148 1987 .

Braatz, R. D., M. L. Tyler, M. Morari, F. R. Pranckh, and L. Sartor,
‘‘Identification and Cross-Directional Control of Coating Proc-

Ž .esses,’’ AIChE J., 38, 1329 1992 .
Bryson, A. E., and Y. C. Ho, Applied Optimal Control, Hemisphere,

Ž .New York 1975 .
Chang, D. M., ‘‘Coordinated Control for Two-Dimensional Space,’’

PhD Diss., National Taiwan Univ. of Science and Technology,
Ž .Taipei 1998 .

Chen, S.-C. ‘‘Full-Width Sheet Property Estimation from Scanning
Ž .Measurements,’’ Proc. Control System’92, Whistler, BC 1992 .

Table 2. 2-Norm and `-Norm of Errors for Different Sensor Arrangements with Linear Sweep

Ý Ýe x

2-Norm `-Norm 2-Norm `-Norm

Nominal 0.0131 0.0206 0.0162 0.0210
Doubled sampling rate 0.0124 0.0202 0.0155 0.0206
Doubled sampling rate and sweeping speed 0.0096 0.0156 0.0134 0.0165
Two sensors with nominal rate and speed 0.0094 0.0147 0.0137 0.0160

August 2000 Vol. 46, No. 8AIChE Journal 1591



Chen, S.-C., and R. J. Pfeifer, ‘‘Papermaking Results Using Hyper-
Scan: A Full Sheet Imaging System,’’ Proc. Process and Product

Ž .Quality Conf., Milwaukee, WI, p. 151 1998 .
Chen, S.-C., and R. G., Wilhelm, Jr., ‘‘Optimal Control of Cross-

Machine Direction Web Profile with Constraints on the Control
Ž .Effort,’’ Proc. Amer. Control. Conf., Seattle, WA 1986 .

Dave, P., F. J. Doyle III, and J. F. Pekny, ‘‘Customization Strategies
for the Soution of Linear Programming Problems Arising from
Large Scale Model Predictive Control of a Paper Machine,’’ J. Pro-

Ž .cess Control, 9, 385 1999 .
Dave, P., D. A. Willig, G. K. Kudva, J. F. Pekny, and F. J. Doyle,

‘‘LP Methods in MPC of Large-Scale Systems: Application to Pa-
Ž .per-Machine CD Control,’’ AIChE J., 43, 1016 1997 .

Grewal, M. S., and A. P. Andrews, Kalman Filtering: Theory and Prac-
Ž .tice, Prentice Hall, Englewood Cliffs, NJ 1993 .

Laughlin, D. L., M. Morari, and R. D. Braatz, ‘‘Robust Performance
of Cross-Directional Basis-Weight Control in Paper Machines,’’

Ž .Automatica, 29, 1395 1993 .
Mayback, P. S., Stochastic Models, Estimation and Control, Academic

Ž .Press, New York 1979 .
Rawlings, J. B., and I.yL. Chien, ‘‘Gage Control of Film and Sheet

Ž .Forming Processes,’’ AIChE J., 42, 753 1996 .
Rigopoulos, A., Y. Arkun, and F. Kayihan, ‘‘Identification of Full

Profile Disturbance Models for Sheet Forming Process,’’ AIChE J.,
Ž .43, 727 1997 .

Shapiro, S. L., ‘‘Metered Size Press Optimization via Measurement
and Control,’’ Proc. TAPPI Metered Size Press Forum, New Orleans,

Ž .LA, p. 173 1998 .
Tyler, M. L., and M. Morari, ‘‘Estimation of Cross-Directional Prop-

Ž .erties: Scanning vs. Stationary Sensors,’’ AIChE J., 41, 846 1995 .
Van Antwerp, J. G., and R. D. Braatz, ‘‘Model Predictive Control of

Ž .Large Scale Processes,’’ J. Process Control, 10, 1 2000 .
Wang, X. G., G. A. Dumont, and M. S. Davies, ‘‘Estimate in Paper

Ž .Machine Control,’’ IEEE Control Syst. Mag., 13, 34 1993 .

Appendix A
Substituting Eq. 25 into Eq. 27, the objective function be-

comes:

QT y T c1 2 A t q 2 A tc cJ s e Ý T q e y1 dtŽ .Ž .H e 1 2 A0 c

QT c1 2 A t q 2 A tc cq e Ý T yT q e y1 dt. A1Ž . Ž .Ž .H e 1 2 A0 c

After some algebraic manipulation, we have

1 q2 A T q 2 A ŽTyT .Ý ŽT .c 1 c 1 e 1J s e Ý T yT q eŽ .e 12 Ac

1
q qy Ý T qÝ T yTw xŽ . Ž .e 1 e 12 Ac

Q Q Q Tc c c2 A T 2 A ŽTyT .c 1 c 1w xq e q e y y . A2Ž .2 2 2 A4 A 2 A cc c

Taking the derivative of Eq. A2, we obtain

q q­ J 1 ­Ý T yT ­Ý TŽ . Ž .e 1 e 12 A T 2 A ŽTyT .c 1 c 1s e q e
­ T 2 A ­ T ­ T1 c 1 1

2 A T q 2 A ŽTyT . qc 1 c 1q e Ý T yT y e Ý TŽ . Ž .e 1 e 1

q q1 Ý T Ý T yTŽ . Ž .e 1 e 1
y q2 ­ T ­ T2 A 1 1c

Qc 2 A T 2 A ŽTyT .c 1 c 1w xq e y e . A3Ž .22 Ac

In Eq. A3, the items of the bracket become zero when T s1
Tr2. That implies a minimum.
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